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Abstract
We present an explicit, exact to all orders in gravitational coupling E7(7) symmetry transforma-
tions of on-shellN = 8 supergravity fields in the gauge with 70 scalars in E7(7)
SU(8) coset space, the local
SU(8) symmetry being fixed. The non-linear realization of E7(7) includes a field-dependent SU(8)
transformation preserving the unitary gauge. We find the conserved Noether-Gaillard-Zumino cur-
rent of E7(7) symmetry, the linear part of it being a chiral SU(8) symmetry. We comment on the
conformal realization of the E7(7) algebra which includes a dilatation operator. We hope that these
results can be useful for studies of anomalies/absence of anomalies and the UV behavior of N = 8
supergravity.
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1 Introduction
The revival of the interest to N = 8 supergravity is due to the recent computations of the loop
corrections, which reveal the 3-loop finiteness and indicate a possibility that N = 8 supergravity may
be UV finite [1,2] or at least seem to have some very interesting and unexpected features [3] - [7]. The
no-triangle hypothesis of the one-loop graphs conjectured in the framework of helicity amplitudes in [8]
was tested in many cases and may be related to the all-loop finiteness. It was suggested in [4] that using
the manifestly N = 8 supersymmetric background field method may add some additional information
on the properties of quantum corrections of N = 8 supergravity and that the background field theory
version of the no-triangle property of this theory may be related to the absence of anomalies. For
example, one can think about the classical local SU(8) symmetry: it has 63 generators, 28 generators
of the SO(8) and 35 orthogonal to SO(8). The 35 symmetries act with the opposite sign on the left
and right chiral projections of the fermion fields and potentially may lead to γ5-anomaly. It is not
clear if this symmetry is anomalous or not and whether the presence/absence of anomalies of the
local SU(8) is relevant to the UV properties of N = 8 supergravity. The Weyl anomalies in extended
supergravities have been studied before and are reviewed in [9].
To understand better the anomalies in N = 8 supergravity we would like to specify the classical
symmetries which may or may not be broken by quantum corrections. This is the purpose of this
paper with regard to the “hidden” E7(7) symmetry .
Classical N = 8 supergravity has in addition to 8 local supersymmetries also a local SU(8) sym-
metry and a hidden global E7(7) symmetry [10] - [13] on shell, when the exact non-linear equations
of motion are satisfied. The early versions of N = 8 supergravity had a rigid SO(8) symmetry [14]
and a rigid SU(8) symmetry [15]. It was recognized in [10], [11] that when the maximal extended
four-dimensional supergravity was derived from the eleven-dimensional one, the theory had a gauge
SU(8) symmetry and a hidden rigid E7(7) symmetry.
The E7(7) symmetry is realized linearly and independently from the local SU(8) symmetry and
it acts on 133 scalars present in the classical action before gauge-fixing as well as on the vectors of
the theory. The gauge-fixing can use the 63 local parameters of SU(8) to remove 63 non-physical
scalars so that only 70 physical scalars are left. This leads to a non-linear realization of the E7(7)
on the remaining 70 fields. The E7(7) transformation has to be performed simultaneously with the
gauge preserving field dependent SU(8) transformation. N = 8 supergravity without and with SU(8)
gauge-fixing was derived and studied in [10–13].
Here we will present a useful form of the non-linear realization of E7(7) symmetry including the
accompanied transformation preserving the unitary gauge. The interest to such study is motivated by
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the recent proposals that N = 8 supergravity may be UV finite [1, 2]. It is also interesting that the
computations have been performed mostly using the N = 4 SYM theory, using the KLT relation [16]
between N = 4 SYM theory and N = 8 supergravity which states that at the tree level the product
of two copies of gauge theory can define supergravity S-matrix. A symmetry of each N = 4 SYM
theory is SU(4) and two of them will give SU(4)× SU(4) but where is the rest coming? This puzzle
is currently under investigation [17]. With regard to the diagonal subgroup of E7(7) symmetry the
problem can be reduced to the rigid SU(8) symmetry of the spectrum of the physical states of N = 8
supergravity with 63 parameters. However, the orthogonal 70 symmetries of E7(7) are realized non-
linearly and the origin of these symmetries from the product of N = 4 SYM matric elements may
be more difficult to find. Moreover, even directly, in N = 8 supergravity in the unitary gauge, the
clear detailed formulation of this non-linear symmetry still has to be extracted from the fundamental
papers [10] - [13] describing the theory. We will present here the E7(7) symmetry in the unitary SU(8)
gauge and the corresponding classically conserved Noether charge of the E7(7) algebra. The linearized
version of it with 63 SU(8) symmetries will also be given.
We will discuss, following [20], the conformal realization of the E7(7) algebra which has a three-
graded decomposition under the E6(6)×SO(1, 1) subgroup. One of the 133 charges of E7(7) algebra is a
dilatation operator, which commutes with the generators of E6(6) and gives a positive (negative) weight
to the analogs of the translation (special conformal transformations), respectively. In the context of
the Noether charge constructed above the fact that the conformal realization includes a dilatation
operator may be interesting if E7(7) symmetry has no anomalies in four-dimensional perturbation
theory.
Here it is useful to remind that the continuous E7(7) duality symmetry of M/string theory is
believed to be broken down to E7(7)(Z) by the existence of extremal four-dimensional black holes when
interpreted as massive modes of the fundamental strings as proposed in [18], [19]. In particular, the
black hole entropy formula is given by the quartic E7(7)(Z) invariant and depends on the quantized
electric and magnetic charges of the black holes [21]. One should also take into account that the
compactified to four dimensions string theory may be different from the four-dimensional N = 8
supergravity due to the existence of the non-perturbative states originating from string theory [22].
Thus it is interesting to find the classically conserved set of Noether charges associated with the
classical symmetriesN = 8 supergravity and study how quantum corrections respect these symmetries,
for example the 63 linear chiral SU(8) symmetries and the rest of non-linear symmetries of E7(7).
The paper is organized as follows.
In section 2, we introduce the field content of N = 8 supergravity, including the 56-bein connecting
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the E7(7) anti-symmetric pair of indices with the anti-symmetric pair of SU(8) indices. We present
the structure of global E7(7) and local SU(8) symmetry of the classical action. In section 3, we fix
the local SU(8) symmetry by choosing the unitary gauge condition and we present the gauge fixed
action. The theory possesses a generalized electric-magnetic duality symmetry, namely the system
of equations of motion for vectors and their corresponding Bianchi identities are covarinat under an
E7(7) global transformation. We demonstrate in section 4 how to realize this duality symmetry in the
gauge fixed action. We find the explicit exact form of transformations on all fields in a closed form
which is valid to all orders of the gravitational coupling constant. In section 4.1, we first explain how
this symmetry acts on scalar fields of the theory in the unitary gauge. The transformation rules of
vectors and spinors are given respectively in section 4.2 and 4.3. In section 5, we first embed the
E7(7) duality group into the symplectic group Sp(56,R) and then we use the results of [12] for theories
with electric-magnetic duality to derive the Noether current and its conserved charge associated with
the symmetry introduced in section 4. In section 5.1 we derive the linearized form of the Noether
current describing the SU(8) symmetry of the asymptotic free fields of N = 8 supergravity. In section
6 we review the conformal realization of E7(7) algebra. We discuss the results in sec. 7. Finally, in
appendix, we outline the proof of the invariance of the action under the non-linear E7(7) symmetry.
2 Symmetries of N = 8 Supergravity
The field content of N = 8 supergravity is: a vierbein field, eµa, 8 gravitino’s, ψµi, 28 abelian gauge
fields, AIJµ , 56 Majorana spinors gaugino, χijk. The scalars before the local SU(8) symmetry is fixed
belong to a group element of E7(7), so there are 133 scalars. Only 70 of them are physical since one
can use the 63 local parameters to bring the theory to the form with 35 complex scalars φijkl. The
Lagrangian before gauge-fixing, see (3.18) in [13], consists of 3 parts
L = L1 + L2 + L3 (2.1)
The part in L1, includes the Einstein term and depends on fermions. The dependence on scalars is only
via the SU(8) connections. It is vector independent and manifestly invariant under the linear action
of E7(7) as well as under independent local SU(8) symmetry. The part L2 has a pure scalar action and
part depending on scalars and fermions. Before gauge-fixing of local SU(8) symmetry, it is manifestly
invariant under both local SU(8) symmetry as well as under the rigid E7(7) transformation. Finally,
L3 is the part depending on vectors, scalars and fermions. It is not invariant under E7(7), however, it
can be rewritten in the form in which it is invariant under both E7(7) transformation as well as the
local SU(8) symmetry, after partial integration and use of equations of motion, as explained in [13].
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We refer the reader to the details of the action of N = 8 supergravity and proof of symmetries
before the gauge-fixing in [11], [13] and will focus here directly on the unitary gauge where only
physical 70 scalars are present. We follow notation of [13].
Scalars before gauge-fixing are in the E7(7) group element and there are 133 of them, defined by
the 56-bein connecting the E7(7) anti-symmetric pair of indices IJ with the anti-symmetric pair of
SU(8) indices, ij.
V =

 uijIJ vijKL
vklIJ uklKL

 . (2.2)
The rigid E7(7) symmetry is realized on scalars as a multiplication from the right:
V
′(E7(7)) = V E
−1 (2.3)
where E ∈ E7(7) and is in the fundamental 56-dimensional representation where
E = expGE7(7) =

 AIJKL BIJPQ
CMNKL DMNPQ

 , GE7(7) =

 ΛIJKL ΣIJPQ
ΣMNKL ΛMNPQ

 . (2.4)
The E7(7) Lie algebra requires that
ΛIJ
KL = δ[I
[KΛJ ]
L] . (2.5)
In above ΛI
J are the generators of the SU(8) maximal subgroup of E7(7). Therefore, there are 63 of
them and they are antihermitian and traceless
ΛI
J = −ΛJI ΛI I = 0 . (2.6)
They can be decomposed into 28 antisymmetric generators of the SO(8) subgroup and 35 traceless
symmetric generators orthogonal to SO(8). If we write ΛI
J as the sum of the real and imaginary
parts Λ = ReΛ + iImΛ, then we have
ReΛT = −ReΛ , ImΛT = ImΛ , (2.7)
where the real part is identified with the antisymmetric and the imaginary part with the symmetric
part of Λ. The off-diagonal part has to satisfy the self-duality constraint with the phase η = ±1
ΣIJKL =
1
24
η ǫIJKLMNPQΣ
MNPQ . (2.8)
As the previous case, we can decompose Σ into real and imaginary parts Σ = ReΣ+ iImΣ. However,
in this case, both real and imaginary parts of Σ have the same transposition properties
ReΣT = ReΣ , ImΣT = ImΣ . (2.9)
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Then the self-duality constraint implies that the real part is η-self-dual and imaginary part is η-anti-
selfdual. The real and imaginary parts of Σ each consists of 35 real parameters. Thus we present the
133 real parameters of E7(7) as 133 = 28 + 35 + 35 + 35.
The local SU(8) transformation acts on the 56-bein from the left and is completely independent of
the E7(7) transformation
V
′(SU(8)) = U(x)V (2.10)
where
U(x) = expGSU(8) , GSU(8)(x) =

 δ[i[kΛj]l](x) 0
0 δ[m[pΛ
n]
q](x)

 . (2.11)
Again in order for Λj
i to be the generators of su(8) (Lie algebra associated with SU(8)), they must
be antihermitian and traceless. They can be decomposed into 28 real antisymmetric and 35 real
symmetric parameters.
3 Gauge Fixing of SU(8) in the Unitary Gauge
Before the local SU(8) symmetry is gauge-fixed, there are 133 scalars which form a group element of
E7(7). In this section, we use the local SU(8) symmetry of the action to remove the unphysical 63
scalars from the theory. The local SU(8) symmetry is gauge-fixed in the unitary gauge so that we are
left with only 70 dynamical scalar fields.
In the unitary gauge there is no distinction between the E7(7) and SU(8) indices
3. One can use the
63 local functions Λj
l(x) to bring the 56-bein V to the form in which the expression in the exponent
is vanishing on the diagonal so that the 56-bein matrix becomes hermitian:
V = V † , where V = exp

 0 aφijkl
a φ¯mnpq 0

 . (3.1)
where a = −
√
2
4 . Here the 70 physical fields of N = 8 supergravity are self-dual with the phase η = ±1
and completely anti-symmetric in their 4 indices.
φijkl =
1
24
ηǫijklmnpqφ¯
mnpq (3.2)
The inhomogeneous coordinates of the
E7(7)
SU(8) coset space are defined as function of the independent
scalars fields φ, φ¯ as follows:
yij,kl ≡ φijmn

tanh(
√
1
8 φ¯φ√
φ¯φ


mn
kl
(3.3)
3 In L3, we still find it convenient to keep capital indices which indicates the transformation under E7(7).
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Using the y variables will be very useful in what follows, however, one should keep in mind that they
are not independent fields of the theory. The advantage of using these inhomogeneous coordinates of
the coset space is in their simple fractional transformation under the E7(7): this will allow us to derive
a simple closed form expression for the non-linearly realized symmetry. It will become an infinite
series when expressed in terms of the independent fields of the theory. Note that the dimensionless
fields φ are related to scalars ϕ measured in Planck units as follows
φijkl = κϕijkl (3.4)
Thus, the expansion of y in terms of canonically normalized fields ϕ, ϕ¯ is an expansion in gravitational
coupling κ. In terms of the nonlinear scalar fields y, y¯, the matrix V is
V (y) =

 P−1/2 −P−1/2y
−P¯−1/2y¯ P¯−1/2

 , (3.5)
where each entry is a 28× 28 matrix and the matrix P is defined as
P (y, y¯)ij
kl = (δij
kl − yijrsy¯rskl) (3.6)
The action of N = 8 supergravity in the unitary gauge (3.1) consists of 3 terms defined above which
can be given, using the y-coordinates of the coset space.
The first part of the Lagrangian , L1, which includes the gravitational part, fermions and scalar
dependent SU(8) gauge connections, is given by
L1 = −1
2
eR(e, ω)− 1
2
ǫµνρσ
(
ψ¯iµγνDρψσi − ψ¯iµ
←−
Dργνψσi
)− 1
12
e
(
χ¯ijkγµDµχijk − χ¯ijk←−Dµγµχijk
)
−1
2
eψ¯[iµψ
j]
ν ψ¯
µ
i ψ
ν
j +
√
2
4
e
[
ψ¯iλσ
µνγλχijkψ¯
j
µψ
k
ν + h.c.
]
+e
[ 1
144
ηεijklmnrsχ¯
ijkσµνχlmnψ¯rµψ
s
ν +
1
8
ψ¯iλσ
µνγλχiklψ¯µjγνχ
jkl + h.c.
]
+
√
2
864
ηe
[
εijklmnrsχ¯ijkσ
µνχlmnψ¯
p
µγνχrsp + h.c.
]
+
1
32
eχ¯iklγµχjklχ¯
jmnγµχimn − 1
96
e(χ¯ijkγµχijk)
2 , (3.7)
Here the covariant derivative acting on fermions
Dµψνi = (δ
j
i ∂µ −Bjµi)ψνj , (3.8)
Dµχijk = (δ
l
[i∂µ − 3Blµ[i)χjk]l . (3.9)
is constructed via the help of the scalar dependent connection
B
i
µj =
2
3
(
P¯−1/2∂µP¯−1/2
)ik
jk − 2
3
(
P¯−1/2y¯∂µ(yP¯−1/2)
)ik
jk . (3.10)
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Notice that if we expand (3.10) in terms of y (or alternatively φ), Biµj only depends on even (odd)
powers of scalar fields. The transformation law of this connection is given by
δBiµj = Υ
k
jB
i
µk +Υk
i
B
k
µj + ∂µΥ
i
j . (3.11)
The covariant derivatives transforms covariantly under the field dependent SU(8) transformation Υ.
The explicit form of Υ will be given later.
The second part of the Lagrangian has a kinetic terms for scalars and scalar-fermion interaction
term
L2 = − 1
96
e A ijklµ A
µ
ijkl −
1
24
e
[
χ¯ijkγ
νγµψνl(Aˆ
ijkl
µ +A
ijkl
µ ) + h.c.
]
, (3.12)
where A ijklµ is defined as
A
ijkl
µ = 2
√
2(
1√
1− yy¯ ∂µy¯
1√
1− y¯y )
ijkl , (3.13)
where Aˆ ijklµ in above is defined as
Aˆ
ijkl
µ = A
ijkl
µ − 4
(
ψ¯[iµχ
jkl] +
1
24
ηεijklmnrsψ¯µmχnrs
)
. (3.14)
Note that A ijklµ only depends on odd (even) powers of y (φ). The pure scalar part of the action can
also be rewritten as
Lsc = − 1
96
e A ijklµ A
µ
ijkl = −
1
12
e Tr
(
1
1− yy¯ ∂µy
1
1− y¯y ∂
µy¯
)
, (3.15)
Finally, in L3 we have grouped all terms with vector fields as well as some 4-fermionic terms which
are useful for the proof of the symmetry of L3. All dependence on 28 real Abelian vector fields AIJµ
enters only via the U(1) gauge invariant Maxwell field strength
F IJµν = ∂µAIJν − ∂νAIJµ (3.16)
which, in turn, can be split into self-dual and anti-self-dual strengths
F IJµν = F
+
µνIJ + F
−IJ
µν , iF˜
IJ
µν = F
+
µνIJ − F−IJµν , (3.17)
which are related by complex conjugation (F+µνIJ )
∗ = F−IJµν . In above, the dual field strength F˜ IJµν is
defined as usual as
iF˜µν ≡ 1
2
ǫµνρσF
ρσIJ . (3.18)
The self-dual and anti-self dual field strengths are, of course, given by
F+µνIJ =
1
2
(F IJµν + iF˜
IJ
µν ) , F
−IJ
µν =
1
2
(F IJµν − iF˜ IJµν ) , (3.19)
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in terms of the original field strength F IJµν and its dual. The L3 part of the action consists of terms
depending on vectors via F IJµν and on fermions [13].
L3 = −1
8
e
[
F+µνIJ
(
1 + y¯
1− y¯
)IJKL
F+µνKL + h.c.
]
−1
2
e
[
F+µνIJ
(
1
1− y¯
)IJKL
Ø+µνKL + h.c.
]
−1
4
e
[
Ø+IJµν
[( 1
1− y¯
)IJKL
−
(
1
1− yy¯ y
)IJKL]
Ø+µνKL + h.c.
]
, (3.20)
where the composite fermionic bilinear term is Ø+KLµν = u
KL
ijØ
+ij
µν , where Ø
+ij
µν is defined in terms of
the original fermionic fields of N = 8 supergravity in the following way
Ø+ijµν = −
√
2
144
ηεijklmnrsχ¯klmσµνχnrs − 1
2
ψ¯λkσµνγ
λχijk +
√
2
2
ψ¯iργ
[ρσµνγ
λ]ψjλ , (3.21)
and uKLij = (P
1/2)KLij in the unitary gauge.
If one fixes the SU(8) local symmetry by the condition V = V †, one cannot perform an E7(7)
transformation anymore since it breaks the gauge-fixing condition. It tends to restore the original 133
scalars by filling in the diagonal terms in the exponent in the equation (3.1), instead of keeping only
70 off-diagonal physical scalars. However, one can perform an E7(7) transformation accompanied by
an extra field-dependent SU(8) transformation depending on the rigid parameters of E7(7) symmetry
and scalar fields. Only a combination of E7(7) and field dependent SU(8) can preserve the gauge-fixing
condition V = V †. Let us look at it in more detail.
4 Non-linear Realization of E7(7)
In this section, we define the transformation laws of scalars, vectors and spinors separately. The unitary
gauge condition (3.1) is preserved if the transformation law includes simultaneous multiplication of
the 56-bein from the right by an arbitrary rigid E7(7) group element depending on 63 rigid parameters
ΛJ
L and 70 rigid parameters ΣIJKL as well as a multiplication from the left by an compensating SU(8)
transformation depending on scalars as well as on 63 rigid parameters ΛJ
L and 70 rigid parameters
ΣIJKL
U(y, y¯; Λ,Σ)V (y′) = V (y, y¯)E−1(Λ,Σ) , (4.1)
in which U ∈ SU(8)/Z2 since it acts on SU(8) tensors and E ∈ E7(7). Here V (y, y¯) is defined in (3.5)
and
V (y′) =

 P ′−1/2 −P ′−1/2y′
−P¯ ′−1/2y¯ P¯ ′−1/2

 , (Pijkl)′ = δijkl − y′ijrsy¯′rskl (4.2)
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Equivalently
V (y′) = U−1(y, y¯; Λ,Σ)V (y, y¯)E−1(Λ,Σ) , (4.3)
This is the definition of scalar variables y and y′ before and after the non-linearly realized E7(7) 133-
component symmetry transformations. The remaining transformations on vectors and spinors must
be consistent with (4.3).
4.1 Transformation Laws of Scalars
If we write the above transformation law (4.1) in its matrix form, we have
V (y′) =

 U −1 0
0 U¯ −1



 P−1/2 −P−1/2y
−P¯−1/2y¯ P¯−1/2



 A −B
−C D

 , (4.4)
which results in the following matrix relations
P ′(y′, y¯′)−1/2 = U −1P−1/2(A + yC ) , (4.5)
P ′(y′, y¯′)−1/2y′ = U −1P−1/2(B + yD) . (4.6)
Solving these two equations for y′ and U , we obtain
y′ = (A + yC )−1(B + yD) , (4.7)
U (y, y¯;A ,B,C ,D) = P (y, y¯)−1/2(A + yC )P ′(y′, y¯′)1/2 . (4.8)
Notice that in the last factor of (4.8), the transformed scalar y′ is substituted by (4.7). As we see,
the compensating local SU(8) transformation is not an independent transformation and is correlated
with E7(7) transformation. If we consider the infinitesimal E7(7) transformation,
E−1 =

 1 + Λ −Σ
−Σ¯ 1 + Λ¯

 , (4.9)
we can find the explicit forms of y′ and U (y, y¯). For δy = y′ − y , we find
δy ≡ y′ − y = Σ+ yΛ¯− Λy − yΣ¯y , (4.10)
and U (y, y¯) turns out to be
U (y, y¯) = 1 + 12 P
−1/2∆(Λ,Σ)P−1/2 ≡ 1 + Υ , (4.11)
where ∆(Λ,Σ) is given by
∆(Λ,Σ) = {Λ, P} + (yΣ¯−Σy¯)− y(Σ¯y − y¯Σ)y¯ . (4.12)
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The first terms of the κ expansion in the non-linear realization of E7(7) symmetry on scalars and
vectors were recently presented in [5]. Here we have found a relatively simple exact in all orders in κ
expression for the symmetry transformation in terms of the inhomogeneous coordinates of the
E7(7)
SU(8)
coset space, the y-fields. For example, in (4.10) there are terms of 0-order, a shift with the constant
parameter Σ, the first order terms from the compact generators Λ and just terms quadratic in y-fields
with the parameter Σ¯. This can be translated into an infinite series in the independent scalars φ using
the relation between these fields as shown in (3.3). The reason why there is only up to quadratic
dependence on y in the infinitesimal transformations is because the full group transformation on y
fields is fractional as shown in (4.7). The infinitesimal form of fractional transformation gives only
up to quadratic terms, after the denominator in (4.7) is expanded with account of the fact that
(A + yC )−1 ≈ (1 + Λ− yΣ¯)−1 ≈ 1− Λ+ yΣ¯ where Λ and Σ¯ are small.
At the linear level, for example for asymptotic fields, we may be interested in the SU(8) subgroup
of the transformations above. In such case Σ = 0 and
(δy)lin = yΛ¯− Λy , (4.13)
U (y, y¯)lin = 1 + Υlin = 1 + Λ , (4.14)
where Υlin has been substituted by Λ, using (4.11) and (4.12).
4.2 Transformation Laws of Vectors
Following [13], we first define a doublet of field strengths two forms as
F+1IJ ≡
1
2
(G+IJ + F
+
IJ) , F
+IJ
2 ≡
1
2
(G+IJ − F+IJ) , (4.15)
where dual field strength G+IJ is defined as
G+IJ ≡ −
4
e
δL3
δF+IJ
. (4.16)
Using the above definition, we find
G+IJ =
(
1 + y¯
1− y¯
)IJKL
F+KL +
(
2
1− y¯
)IJ
KL
Ø+KL . (4.17)
Note that in above, we have suppressed all spacetime indices and it should be considered as a relation
between two forms. Now using (4.15), we find
F+1IJ =
(
1
1− y¯
)IJKL
F+KL +
(
1
1− y¯
)IJ
KL
Ø+KL , (4.18)
F+IJ2 =
(
y¯
1− y¯
)IJKL
F+KL +
(
1
1− y¯
)IJ
KL
Ø+KL . (4.19)
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On the other hand, we know how F+1 and F
+
2 transform under E7
 F+1
F+2

 −→ E

 F+1
F+2

 . (4.20)
If we rewrite the above transformation for an infinitesimal
transformation, we have
 δF+1IJ
δF+IJ2

 =

 Λ KLIJ ΣIJKL
ΣIJKL ΛIJ KL



 F+1KL
F+KL2

 . (4.21)
Now, if we use (4.18) and (4.19), we can find the transformation law of the original field strength F+.
We obtain
δF+ = δF+1 − δF+2 ≡ XF+ + YØ+ , (4.22)
where X and Y are defined in the following way
X =
[
(Λ− Λ¯y¯) + (Σy¯ − Σ¯)
] 1
1− y¯ , (4.23)
Y =
[
(Λ− Λ¯) + (Σ− Σ¯)
] 1
1− y¯ . (4.24)
We first notice that both X and Y carry four indices and they can be restored easily by the index
structure of (4.22). The other important thing to notice is that the transformation rule of vectors
involves bilinear fermions if and only if Λ and Σ have imaginary parts. If they are both real, then
clearly Y would vanish.
For later purposes, let us find the transformation properties of G+ as well. Using (4.15), it is
evident that
δG+ = δF+1 + δF
+
2 ≡ V F+ +WØ+ , (4.25)
where V and W are found to be
V =
[
(Λ + Λ¯y¯) + (Σ¯ + Σy¯)
] 1
1− y¯ , (4.26)
W =
[
(Λ + Λ¯) + (Σ + Σ¯)
] 1
1− y¯ . (4.27)
If we would be interested only in the linear level transformations on vectors which correspond to
the SU(8) subgroup of E7(7) we would get
(δF+)lin = ΛF
+ , δF−lin = Λ¯F
− , (4.28)
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In terms of real vector fields this means that
(δF )lin = ReΛF − Im Λ F˜ (4.29)
The linearized SU(8) transformation on spinors has the following property: the 28 SO(8) subgroup
transformations rotate the real F into itself whereas the 35 orthogonal transform F into the dual field
strength F˜ . This agrees with the fact that the positive (negative) helicity states transform by all 63
generators of the SU(8) into itself
(δF±)lin = (ReΛ± iIm Λ)F± . (4.30)
This explains the meaning of “chiral” SU(8).
4.3 Transformation Laws of Spinors
Now, in this section, we have to introduce the transformations on spinor fields in such a way that
the Lagrangian remains invariant under simultaneous performance of (4.10), (4.11), and (4.22). If the
spinors transform covariantly by the compensating local SU(8) transformation as SU(8)-tensors, then
every term in the Lagrangian which involves fermions remains invariant manifestly, because it will be
an SU(8)-scalar. The proof of the invariance of all different pieces of Lagrangian will be discussed in
the appendix in more details.
If we rewrite (4.11) as Uij
kl ≡ δ[i[kΘj]l], then Θij is given by the partial trace of U as
Θi
l(Λ,Σ) = δi
l +Υij
lj(Λ,Σ) ≡ δil +Υil(Λ,Σ) , (4.31)
where Υi
l(Λ,Σ) is explicitly given by
Υi
l(Λ,Σ) =
1
2
(P−1/2)ijmn∆mnrs(Λ,Σ)(P−1/2)rslj . (4.32)
Then the transformation law of the left-handed gravitini are given by
δψiµ = Υi
jψjµ , (4.33)
and for gaugini, we have
δχijk = 3Υ[i
qχjk]q , (4.34)
respectively4. This is consistent with the definition of spinors in notation of [14] which we are using
4 Note that for finite values of Λ and Σ, the transformation law of gaugini will be
χ
′
ijk = Θ[i
qΘj
rΘk]
s
χqrs . (4.35)
But when we want to find the infinitesimal transformations, we drop all quadratic and higher order terms in Λ and Σ
and that is why we get a factor of 3 in (4.34).
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here, namely
ψiµ =
1− γ5
2
ψiµ χijk =
1− γ5
2
χijk (4.36)
etc. Notice that not only spinor fields, but also their covariant derivatives (3.8) and (3.9) transform
as SU(8)-tensors via the SU(8)-connection (3.10).
We will also need the transformation rules of ψ¯iµ and χ¯
ijk which are given by
δψ¯iµ = ψ¯
j
µΥ
i
j , (4.37)
δχ¯ijk = 3χ¯q[ijΥk]q . (4.38)
Notice that Υ is an element of su(8) and therefore it is anti-hermtian Υj
i +Υij = 0.
5 Conserved Noether Current
The expression for the conserved Noether current for any supergravity theory with duality symmetry
of the type discussed in this paper was derived in [12]. All we have to do here is to specialize to the
explicit form of the E7(7) symmetry which we have presented above. For this purpose it is convenient
to embedd our construction into a symplectic basis of the Sp(56,R) matrix, where we have 2 different
real field strengthes (F,G) (not independent) which form the fundamental representation of the E7(7)
 F ′
G′

 = S

 F
G

 , S ≡

 A B
C D

 . (5.1)
Here the parameters in the symplectic matrix S are real and satisfy the following conditions
ATC −CTA = BTD −DTB = 0 , ATD − CTB = 1 . (5.2)
This representation was extremely useful in the studies of extremal black holes in extended supergrav-
ities where the role of E7(7) was very important and was crucial for the defining the black hole entropy
formula [21] via the quartic invariant of E7(7).
Now, we need to find the explicit form of symplectic embedding of E7(7). Substituting (4.17) for
(4.22), we find
δF+ =
(
ReΛ− ReΣ
)
F+ + i
(
ImΛ + ImΣ
)
G+ . (5.3)
If we do the same thing for G+ by substituting (4.17) in (4.25), we can express its variation in terms
of F+ and G+. We find
δG+ = i
(
ImΛ− ImΣ
)
F+ +
(
ReΛ + ReΣ
)
G+ . (5.4)
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Now, it is easy to find transformation laws of the actual real field strengths
F IJ = F+IJ + F
−IJ , GIJ = i(G+IJ −G−IJ) . (5.5)
Therefore, under duality transformations, F and G transform in the following way
 δF
δG

 =

 ReΛ− ReΣ ImΛ + ImΣ
−ImΛ + ImΣ ReΛ + ReΣ

 =

 F
G

 . (5.6)
Comparing the above relation with (5.1), we should identify the elements of the symplectic matrix S
as the following
A = 1 + ReΛ−ReΣ , B = ImΛ + ImΣ , (5.7)
C = −ImΛ + ImΣ , D = 1 + ReΛ + ReΣ . (5.8)
The only thing which remains to be proved is that the symplectic rules (5.2) are indeed satisfied.
This can easily be verified using (2.7), (2.9) and the fact that Λ and Σ are infinitesimal parameters of
transformation.
The kinetic terms for the vectors is such that
G˜ ≡ 4δL3
δF
. (5.9)
When equations of motion and Bianchi identities are satisfied
∂µF˜
µν = ∂µG˜
µν = 0 , (5.10)
both F and G can be represented as the derivative of the vector potentials
 Fµν
Gµν

 =

 ∂µAν − ∂νAµ
∂µBν − ∂νBµ

 . (5.11)
Noether current was computed in [12] for a general class of supergravities with duality symmetry given
by (5.1) for vector fields and by some transformations of scalars and fermions Φ of the type
δΦa = ξa(Φ;A,B,C,D) , (5.12)
where ξa(Φ;A,B,C,D) is some non-derivative function of fields Φ and parameters of E7(7) symmetry.
In our case Φa includes all scalars and fermions of N = 8 supergravity
Φa ∈ {φijkl, χijk, ψiµ} . (5.13)
The conserved Noether current consists of 2 parts
Jµtotal = Jˆ
µ + Jµ(Φ) , ∂µJ
µ
total = 0 . (5.14)
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The standard part related to all fields Φa is
Jµ(Φ) = ξa
∂L
∂Φ,µ
. (5.15)
The explicit form of this current can be deduced from the action by replacing every occurrence of
the derivative ∂µ acting on the scalar, gaugino and gravitino by their corresponding E7(7) transforma-
tion. The transformation on scalars is given in (4.10) and on fermions we have to perform an SU(8)
transformation with the scalar dependent parameter given in (4.11).
The Gaillard-Zumino part of the Noether current Jˆµ which depends on the vectors of the theory
is unusual, and is given by
Jˆµ(A,B) = 1
4
(G˜µν(A− 1)Aν − F˜µνC Aν + G˜µνB Bν − F˜µν(D − 1)Bν) . (5.16)
Notice that (5.16) is the Noether contracted current which means that the Noether current has been
contracted with 133 parameters of transformation which are functions of Λ and Σ. Here the symplectic
parameters A,B,D,D are functions of Λ and Σ as shown in eq. (5.7).
The vector current has a form of the combination of Chern-Simons terms such that its derivative
is proportional to
∂µJˆ
µ(A,B) = 1
8
(G˜µν(A− 1)Fµν − F˜µνC Fµν + G˜µνBGµν − F˜µν(D − 1)Gµν) . (5.17)
There are 4 types of standard Noether current contributions from gravitino, from gaugino, from pure
scalars and from the term where fermion bilinears are mixed with the scalar derivative.
Jµ(ψ) = −1
8
ǫρνµσ(ψ¯iργν(1− γ5)δψσi − δψ¯iργν(1− γ5)ψσi) , (5.18)
Jµ(χ) = − 1
24
(χ¯ijkγµ(1− γ5)δχijk − δχ¯ijkγµ(1− γ5)χijk) , (5.19)
Jµ(y) = − 1
12
(P¯−1/2δy¯P−1)∂µyP¯−1/2) + P¯−1/2∂µy¯P−1δyP¯−1/2 , (5.20)
Jµ(y, χ, ψ) =
√
2
12
χ¯ijk(1− γ5)γνγµψνl(P¯−1/2δy¯P−1/2)ijkl + h.c. . (5.21)
Here the expressions for the field variations are given in (4.33), (4.34), and (4.10). We have inserted
the γ5 dependence into the expression of the currents to stress the chiral nature of the symmetries.
The total conserved Noether current is given by the sum of vector and other fields contributions in
eqs. (5.16)-(5.21).
Jµtotal = Jˆ
µ(A,B) + Jµ(Φ) , ∂µJµtotal = 0 , (5.22)
where
Jµ(Φ) ≡ Jµ(ψ) + Jµ(χ) + Jµ(y) + Jµ(y, χ, ψ) . (5.23)
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Without the Chern-Simons type vector field contribution the current Jµ(Φ) is gauge-invariant but not
conserved.
∂µJ
µ(Φ) = −1
8
(G˜µν(A− 1)Fµν − F˜µνC Fµν + G˜µνBGµν − F˜µν(D − 1)Gµν) . (5.24)
It has been noticed in [12] that the total current in (5.16) is not U(1) gauge invariant since it depends
on the Chern-Simons type terms. Under the corresponding U(1) local transformations the total current
transforms via a divergence of the antisymmetric tensor
Jµtotal → Jµtotal + ∂νX [µν] . (5.25)
The corresponding Noether charge
QNoether =
∫
d3xJ0total , (5.26)
is therefore time independent and U(1) gauge invariant. One can try to study the matrix elements
of this conserved current sandwiched between some initial and final physical states and check the
constraints which the conservation of the current imposes.
5.1 A Linear SU(8) Part of the E7(7) Noether Charge
If we restrict ourselves only to Λ part of the transformations and only keep the linear parts of trans-
formations, we can extract here the linear part of the SU(8) Noether charge which, for example, can
act on asymptotic states. In this manner, the linear part of the Noether charge can easily be applied
to study the properties of the S-matrix elements under this symmetry.
In the currents we will keep only quadratic in fields terms. We have to require that Σ = 0 for the
consistency of the linear approximation since the shift term in the scalar transformation is zero order
in the fields. Thus we can present the corresponding linearized SU(8) Noether charge if we keep only
linear terms in symmetries, as well as in all fields and quadratic in fields currents. This gives us
jµtotal = jˆ
µ(A,B) + jµ(ψ) + Jµ(χ) + jµ(y) + jµ(y, χ, ψ) , ∂µjµtotal = 0 , (5.27)
where
jˆµ(A,B) = 1
4
(G˜µνReΛAν + F˜µνImΛAν + G˜µν ImΛBν − F˜µνReΛBν) , (5.28)
or
∂µjˆ
µ =
1
8
(G˜ReΛF + F˜ ImΛF + G˜ImΛG− F˜ReΛG) . (5.29)
Here we have to use the linear relation between G˜ and F . It is F = −G˜ and G = F˜ 5. In such case
we get
jˆµ(A,B) = 1
4
(−FµνReΛAν + F˜µνImΛAν − FµνImΛBν − F˜µνReΛBν) , (5.30)
5Note that with the Lorentzian signature, the Hodge star has the following property (∗)2 = −1.
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and
∂µjˆ
µ(A,B) = 1
8
(−FReΛF + F˜ ImΛF − F ImΛF˜ − F˜ReΛ F˜ ) = 0 . (5.31)
The first and the last term vanish each
FReΛF = F˜ReΛ F˜ = 0 , (5.32)
since for the SO(8) part of the symmetry, we have ReΛ = −ReΛT. The second and the third term
cancel each other since the SU(8) compliment to SO(8) has the property ImΛ = ImΛT
F˜ ImΛF − F ImΛF˜ = 0 . (5.33)
The other linearized currents are
jµ(ψ) = −1
4
ǫρνµσ(ψ¯iργν(1− γ5)Λijψσj − ψ¯iρΛjiγν(1− γ5)ψσj) , (5.34)
jµ(χ) = −1
8
(χ¯ijkγµ(1− γ5)Λ[irχjk]r − χ¯r[jkΛi]rγµ(1− γ5)χijk) , (5.35)
jµ(φ) = − 1
12
(φ¯Λ− Λ¯φ¯)∂µφ+ ∂µφ¯(φΛ¯− Λφ) . (5.36)
We have explicitly presented the indices of an SU(8) generator Λ in the first two currents. In the
scalar part of the current (5.36), Λ acts on φ in the same way as it acts on y. For instance, for the
first term (φ¯Λ)ijkl = φ¯ijmnΛmn
kl. The mixed current Jµ(y, χ, ψ)lin is cubic in fields, therefore it drops
from the linear level approximation, relevant for asymptotic states.
Thus classically the divergence of the vector and pseudo-vector contribution from gravitino, gaugino
and scalars vanishes. Therefore, at the classical level the total contribution to the 63-component
divergence of the Noether current from all fields is vanishing, the contribution from vector fields
vanishes separately.
6 On Conformal Realization of E7(7) Algebra
The purpose of this section is to present the known conformal realization of the E7(7) algebra which has
a three-graded decomposition under the E6(6) × SO(1, 1) subgroup [20]. The fact that the conformal
realization includes a dilatation operator may be interesting, if there are no anomalies associated with
E7(7) symmetry in the four-dimensional perturbative theory.
The three-graded decomposition
g = g−1 ⊕ g0 ⊕ g+1 , (6.37)
of E7(7) [20] consists of splitting all generators of the algebra into
133 = 27⊕ (78⊕ 1)⊕ 27 . (6.38)
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The 78 = 36 + 42 generators of the E6(6) algebra consist of the 36, in the adjoint representation of
USp(8), symmetric Gij and the 42 in a fully antisymmetric traceless representation of USp(8), Gijkl.
It is traceless with respect to the real symplectic metric. Together with the singlet H, the generator of
SO(1, 1), these 79 generators belong to the g0 part of the algebra.The 27 belong to g−1 (the analog of
translation), and 27 belong to g+1 (the analog of special conformal transformations). They are given
by fundamental in E6(6) antisymmetric traceless generators E
ij and Fij, respectively.
The 78 generators form the E6(6) algebra and commute with H. The commutator of H with 27
gives −27 and the commutator of H with 27 gives +27.
The decomposition of E7(7) algebra in terms of fields of N = 8 supergravity in four dimensions
is natural via the SU(8) subgroup. However, it may be useful also to look at the E6(6) × SO(1, 1)
decomposition of the Noether charges of E7(7) which can be deduced from the Kaluza-Klein reduction
of the N = 8 supergravity in five dimensions. These two approaches are complimentary.
7 Discussion
The 133 parameter E7(7) symmetry of the on-shell action of N = 8 supergravity in the unitary
gauge is described in this paper in details. We have presented a relatively simple closed form of
the transformations acting on all fields of the theory in the unitary gauge using the inhomogeneous
coordinates of the coset space
E7(7)
SU(8) .
The associated conserved Noether current has 133 components, as expected, 63 of them correspond
to compact generators of E7(7) and 70 to the non-compact ones. We have presented here this exact
133-component Noether current which is conserved when the classical non-linear equations of motion
are satisfied. We also presented a linearized SU(8) part of the Noether current and charge.
It is known that the superspace on-shell geometry is described by the torsion and curvature of
the superspace [23]. These geometric objects are invariant under E7(7) transformations and covariant
under SU(8) symmetry. The candidates for the UV divergences starting from the 8-loop order are
completely geometric, they depend on torsion and curvature in superspace and therefore they are
invariant both under E7(7) and SU(8) symmetry [24], [25]. From this perspective it is not clear at
present what can be the underlying reason for N = 8 supergravity to be finite to all loop order, the
possibility of which was proposed in [2].
To clarify the situation it may be helpful to understand better the constraints from the non-linearly
realized E7(7) symmetry in the unitary gauge with the fixed SU(8) local symmetry. We have presented
the detailed description of this symmetry in this paper by decomposing it into the SU(8) subgroup
and the orthogonal complement to it, in agreement with the structure of the four-dimensional fields of
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N = 8 supergravity. We have also noticed that an alternative realization of these 133 Noether charges
may be useful due to E6(6) × SO(1, 1) decomposition of the symmetry algebra which would relate the
symmetry to the version of the theory in terms of the five-dimensional fields of N = 8 supergravity
and Kaluza-Klein modes.
It would be interesting to check how the E7(7) and its linearly realized chiral SU(8) subgroup restrict
the S-matrix of the theory, preferably in the form of the helicity amplitudes used in the computations
in [1], [2]. And the important issue remains to see if any of these symmetries are free of anomalies
and whether any of this may be useful for understanding of the UV properties of N = 8 supergravity
in four dimensions.
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A Proof of the Gauge-fixed Action Invariance under Non-linearly
Realized E7(7)
Here, we show the main steps to prove the invariance of different pieces of Lagrangian under simulta-
neous performance of scalar transformation (4.10), compensating local SU(8) transformation (4.11),
and their corresponding vector (4.22) and spinor transformations (4.33) and (4.34).
A.1 The L1 Part
The proof of the invariance of the gauge-fixed action given in eqs. (3.7), (3.12), (3.20) is closely related
to the one before gauge-fixing in [11], [13], where the parameters of the local SU(8) are arbitrary 63
local functions, whereas in the gauge-fixed case they are functions of fields and rigid 133 parameters
of E7(7). We bring up here the outline of the proof for the convenience of the reader and refer for
details to the original papers [11], [13].
The key point is that the SU(8) connection transforms in the same way as before and after the
gauge-fixing. Namely the connection Biµj in (3.10) depending on y, y¯ transforms as shown in (3.11),
which means that the inhomogeneous term ∂µΥ
i
j as well as two other homogeneous terms Υ
k
jB
i
µk +
Υk
iBkµj are all present. The difference with non-gauge-fixed case is that an arbitrary anti-hermitian
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x-dependent matrix Λij(x) has to be replaced by Υ
i
j(y, y¯; Λ,Σ) defined in (4.11).
In the L1 part of the action given in (3.7) each term before SU(8) gauge-fixing is an invariant
product of local SU(8) tensors. The metric does not transform under SU(8) and all fermions are
either in 8, 8¯ or in 56, 5¯6. The derivatives on spinors are SU(8)-covariant and they remain such
after the local SU(8) is fixed. Therefore this part of the action remains invariant when the spinors
transform under the field-dependent compensating SU(8) transformation together with the relevant
transformation of scalars which preserves the correct transformations of the scalar-dependent SU(8)
gauge connections in covariant derivatives.
A.2 The L2 Part
In L2 part of the action, in (3.7), we want to prove that the pure scalar part Lsc of the nonlinear sigma
model action is invariant under the symmetry (4.1) in the unitary gauge as well as the scalar-fermion
part. Using (3.5), one finds
(∂µV )V
−1 = −
√
2
4

 Biµjδkl A ijklµ
Aµijkl Bµj
iδl
k

 , (A.1)
where Aijklµ is completely antisymmetric and self-dual and is given by (3.13). Also, Biµj is given in
(3.10). Notice that both Aijklµ and Biµj are invariant under global E7(7) transformations since V is
multiplied by E−1 from the right and V −1 is multiplied on E from the left. However, under local
SU(8) transformation, A ijklµ transforms covariantly, whereas Biµj behaves as an SU(8) connection.
Therefore, one can define an SU(8) covariant derivative as follows
(DµV )V
−1 = −
√
2
4

 0 A ijklµ
Aµijkl 0

 = Pµ . (A.2)
This shows explicitly that Pµ belongs to the orthogonal complement of su(8). The pure scalar
Lagrangian in terms of yijkl scalars has the following form
L = −1
2
Tr
(
(DµV )V
−1(DµV )V −1
)
= −1
2
Tr
(
P
µ
Pµ
)
. (A.3)
It is manifestly invariant under the transformations
V −→ V ′ = U(y, y¯; Λ,Σ)V E−1(Λ,Σ) . (A.4)
Another term in L2 is a product of an SU(8) tensor Aijklµ and fermion bilinears which are also tensors
in SU(8) and neutral in E7(7). There is also a terms quartic in fermions which is manifestly invariant.
So the total L2 is invariant under (A.4).
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Of course, the proof of invariance can be seen in a more general setting by construction. Let us,
mention briefly this set up. What we want is to prove that the pure scalar part of the nonlinear
sigma model action is invariant under the symmetry (4.1) in the unitary gauge. This is shown by
construction, namely we write down a Lagrangian in terms of 70 dynamical scalars which respects
E7(7)
SU(8) quotient symmetry and show that this is equivalent to (3.12)
6. First, we start with a general
group element V of E7(7) which depends on all 133 scalar fields. To reduce the number of scalars
down to dimension of the coset space
E7(7)
SU(8) , we define an equivalence relation in the following way
V ∼ V ′ , if ∃ U(y, y¯) ∈ SU(8) , such that V ′ = UV . (A.5)
In other words, any two elements of E7(7) are equivalent if they differ by an SU(8) multiplication from
left. Now, by imposing this equivalence relation, the number of scalars reduces to 133 − 63 = 70. In
order to have (4.1) symmetry (which is equivalent to (4.10) and (4.11) in the infinitesimal form), we
also require that the Lagrangian must be invariant under the following global transformation
V −→ V ′ = V E−1 , (A.6)
where E ∈ E7(7). Now, in order to construct the Lagrangian, we introduce a gauge field connection
Qµ which belongs to su(8) (Lie algebra of the local SU(8) group) and its transformation law under
local SU(8) group is defined as
Qµ −→ UQµU−1 − (∂µU)U−1 . (A.7)
One is then able to construct a covariant derivative via the above connection as
DµV ≡ ∂µV −QµV . (A.8)
It is now evident that the covariant derivative (A.8) transforms homogeneously under local SU(8)
transformation
DµV −→ U(DµV ) . (A.9)
Using the above property, we can construct the Lagrangian (A.3) which is invariant both under (A.6)
and the SU(8) local transformations. Note that the above Lagrangian is still in terms of all 133 scalar
fields of E7(7). However, we realize that the existence of Qµ is pure algebraic and there is no derivative
of Qµ in (A.3). Therefore, it can be eliminated using its equation of motion. Varying Qµ and keeping
V fixed, we obtain the following relation
δL = Tr
[
δQµ
(
(∂µV )V
−1 −Qµ
)]
= 0 . (A.10)
6 Although E7(7) is a non-compact (semisimple)group, it has been shown in [26] that this construction leads a
Lagrangian without ghosts.
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Since both Qµ and δQµ belong to su(8), (A.10) implies that
Pµ ≡ (∂µV )V −1 −Qµ = (DµV )V −1 , (A.11)
belongs to the orthogonal complement of su(8) in the Lie algebra of E7(7), namely the Lie algebra asso-
ciated with the quotient space. This shows explicitly why Pµ belongs to the orthogonal complement
of su(8). Therefore, if we substitute the connection Qµ by its algebraic equation of motion, we find a
Lagrangian in terms of only 70 scalar fields which respects both local SU(8) symmetry and the global
symmetry (A.6). Using (A.11), the Lagrangian in terms of 70 yijkl scalars has the following form
L = −1
2
Tr
(
P
µ
Pµ
)
. (A.12)
The Qµ appearance of (A.3) is, of course, artificial and it is eliminated by its equation of motion. This
proves that that the first term in (3.12) is invariant under the desired transformation.
A.3 The L3 Part
The L3 part of the action as given in (3.20) requires some reorganization [13], to prove the invariance
under (4.22) together with the corresponding transformations of other fields. One rewrites the terms
depending on vectors and the quartic fermion terms as follows
L3 = −1
8
eF+µνIJ G
+µν
IJ − 1
4
Ø+ijµν F¯
+µν
ij + h.c. , (A.13)
where the new symbol F¯+µνij is SU(8) covariant. It is defined via
V

 F+1µν
F+2µν

 =

 F¯+µνij
Ø+µν
ij

 . (A.14)
The first term in (A.13) vanishes by partial integration with account of exact equations of motion
∂µ[e(G
+µν
IJ +G
−µνIJ )] = 0 . (A.15)
The second term in (A.13) is a product of SU(8) tensors. This accomplishes the final step in the proof
that the total Largangian after gauge-fixing is invariant under the non-linearly realized E7(7) when
equations of motion of the theory are satisfied.
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